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We study cosmological dynamics of an extended gravitational theory that gravity is coupled
non-minimally with derivatives of a dark energy component and there is also a phenomenological
interaction between the dark energy and dark matter. Depending on the direction of energy flow
between the dark sectors, the phenomenological interaction gets two different signs. We show that
this feature affects the existence of attractor solution, the rate of growth of perturbations and
stability of the solutions. By considering an exponential potential as a self-interaction potential of
the scalar field, we obtain accelerated scaling solutions that are attractors and have the potential to
alleviate the coincidence problem. While in the absence of the nonminimal derivative coupling there
is no attractor solution for phantom field when energy transfers from dark matter to dark energy,
we show an attractor solution exists if one considers an explicit nonminimal derivative coupling for
phantom field in this case of energy transfer. We treat the cosmological perturbations in this setup
with details to show that with phenomenological interaction, perturbations can grow faster than the
minimal case.
PACS numbers: 95.35.+d , 95.36.+x , 47.10.Fg
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I. INTRODUCTION
Observational data such as the type Ia Supernovae
redshift-distance surveys [1, 2, 3, 4, 5, 6, 7], the Baryon
Acoustic Oscillations of the matter density power spec-
trum [6, 7, 8] and the angular location of the first peak
in the CMB power spectrum [6, 7, 9, 10] from various
origins show that the universe currently is experiencing
a positive accelerating phase of expansion. To describe
this expansion, one can modify the gravitational sector
[11, 12, 13] or modify the content of the universe by intro-
ducing a dark energy component with negative pressure
that violates the strong energy condition. The cosmo-
logical constant with EoS ω = −1 is the simplest model
of dark energy that coincides extraordinarily with obser-
vational data, but it suffers from lake of dynamics and
fine-tuning problems [14, 15, 16, 17].
The dark energy scenario can be described by var-
ious scalar fields with variety of dynamical equation
of state, among them we can mention quintessence
field (a canonical scalar field) [18, 19, 20, 21], phan-
tom field (a scalar field with negative kinetic term)
[22, 23, 25, 26, 27, 28, 61], a combination of both these
fields in a unified model called the quintom field model
[29, 30, 31], tachyon fields that emerge from string the-
ory [32, 33, 34, 35], k-essence fields (with a generalized
kinetic energy term) [36, 37] and Chaplygin gas com-
ponent [38, 39]. Furthermore, there are more complex
models that describe the dark energy, in which the fields
∗
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are non-minimally coupled to the background curvature.
Application of these extended scenarios, dubbed scalar-
tensor theories [40, 41, 42, 43, 44, 45, 46, 47], have inter-
esting cosmological outcomes in both inflation and the
dark energy eras. As it was shown in [48, 49, 50, 51],
non-renormalizable operators coming out from the non-
minimal coupling violate the unitarity bound of the the-
ory during inflation era. To avoid this unitarity violation
and also to find a framework that the Higgs boson would
behave like a primordial Inflaton, one can consider non-
minimal coupling between the derivatives of the scalar
fields and curvature [52, 53, 54, 55, 56, 63]. This scenario
can be regarded as a subset of the most general scalar-
tensor theories. In Refs. [57, 58] coupling between the
scalar field and the kinetic term has been considered as a
source of dark energy, and the role of this coupling in the
late-time cosmic speed up has been investigated. These
theories emerge as low energy limit of some higher di-
mensional theories, like superstring theory [59] and also
appear as part of the Weyl anomaly in N = 4 conformal
supergravity [60, 61]. Furthermore, from a perturbative
viewpoint, a new window has been opened on the issue
of quantum gravity proposal in this framework [62]. The
role of this non-minimal derivative coupling during infla-
tion has been considered in Refs. [64, 65, 66].
From another perspective, possible interaction between
the dark energy and dark matter opens new window on
the issue of the cosmological coincidence problem. Al-
though there is no direct evidence for interaction between
the dark sectors at least currently, in the absence of a fun-
damental theory that excludes interaction between the
dark sectors, we can consider non-minimal interaction
between dark energy and dark matter to alleviate coinci-
dence problem [67, 68, 69, 70, 71, 72, 73]. Moreover this
2interaction potentially improves interpretation of obser-
vational data [74, 75, 76]. Therefore, it is important, at
least theoretically, to see possible outcomes of such an
interaction and its impact on late time cosmological dy-
namics. For this reason we include also an interaction,
much on the basis of some phenomenological consider-
ations, between the dark sectors with the hope to shed
some light on the issue of cosmological coincidence prob-
lem. By considering such an interaction between the dark
sectors, whether the energy flows from dark matter to the
dark energy or the reverse occurs, now is an important is-
sue in late time cosmic dynamics. The direction of energy
flow due to interaction between the dark sectors affects
considerably the issues such as the existence of attractor
solutions, growth rate of perturbations and the stability
of cosmological solutions. With these points in mind,
we consider two different candidates for dark energy: a
quintessence and a phantom field, and in each case we
analyze the cosmological dynamics in phase space, the
statefinder diagnostic, stability in w − w′ phase plane
and the full analysis of the perturbations in this setup
with some exact solutions. The behavior of these solu-
tions for matter perturbations on sub-Hubble scales are
treated carefully for matter and scaling solutions eras.
II. THE SETUP
We consider an extension of scalar-tensor theories of
gravity that derivatives of a scalar field, as a dark en-
ergy candidate, are coupled to curvature and there is
also a phenomenological interaction between the dark en-
ergy and dark matter components. Our final goal with
these types of extension is to see the status of coincidence
problem and also growth rate of perturbations in this
setup. Following the pioneer work of Amendola [52], the
Lagrangian of possible interaction between gravity and
derivatives of the dark energy component can be sorted
as follows
L1 = k1Rϕ,µϕ
,µ, L2 = k2Rµνϕ
,µϕ,ν , L3 = k3Rϕϕ,
L4 = k4Rµνϕϕ
;µν , L5 = k5R;µϕϕ
,µ, L6 = k6Rϕ
2.
(for more details see also [54]). Here we just consider
L1 and L2 since, as discussed in [52, 53, 55, 56, 64],
using total divergences and without loss of generality one
can keep only the first two terms. The coefficients k1
and k2 are coupling parameters with dimension of length-
squared. As a specific case, and more importantly in
order the resulting theory to be free of ghosts (see for
instance [56]), we set k2 = −2k1 = η, which gives the
Einstein tensor Gµν . Therefore, the ghost-free action of
our setup takes the following form
S =
∫
d4x
√−g
[
R
2
− 1
2
(ǫgµν − ηGµν)∂µϕ∂νϕ
−V (ϕ)− F (ϕ)Lm
]
. (1)
where F (ϕ) = βeαϕ is the interacting term between the
dark sectors with constants α and β > 0, and R is
the curvature scalar, ϕ is the homogeneous scalar field
(as a dark energy component), V (ϕ) is the scalar field
potential and Lm is the Lagrangian density of matter
(all sorts of matter except baryons and radiation which
are subdominant and supposed to be minimally coupled
to gravity). We consider the system of units in which
8πG = c = ~ = 1. In addition, we use a symbol ǫ in or-
der to show quintessence and phantom field in a unified
manner so that ǫ takes the value +1 for the quintessence
field and −1 for the phantom field. By taking variation
of the action (1) with respect to the metric, we get the
field equations [55, 56] as follows
Gµν = ǫT
(ϕ)
µν + ηT
(η)
µν + T
(m)
µν − gµνV (ϕ). (2)
with
T (ϕ)µν = ∇µϕ∇νϕ−
1
2
gµν(∇ϕ)2, (3)
−T (η)µν = −
1
2
∇µϕ∇νϕR+ 2∇αϕ∇(µϕRαν) −∇µ∇νϕϕ
+∇αϕ∇βϕRµανβ +∇µ∇αϕ∇ν∇αϕ− 1
2
(∇ϕ)2Gµν +
gµν
[
− 1
2
∇α∇β∇α∇βϕ+ 1
2
(ϕ)2 −∇αϕ∇βϕRαβ
]
. (4)
where ∇(µϕRαν) = 12 (∇µϕRαν + ∇νϕRαµ) and T
(ϕ)
µν , T
(η)
µν
correspond to the variation of the terms that depend
on the scalar field in the Jordan frame and T
(m)
µν is
the ordinary energy-momentum tensor of matter compo-
nent. Considering a spatially-flat Friedmann-Robertson-
Walker metric as
ds2 = −dt2 + a2(t)(dr2 + r2dΩ2),
dΩ2 = dθ2 + sin2 θdϕ2. (5)
where t is the cosmic time, (r, θ, ϕ) are the comoving
spatial (radial and angular) coordinates, a(t) is the scale
factor and H = a˙/a is the Hubble parameter, the field
equations (3) and (4) for (00) and (11) components (en-
ergy density and pressure, respectively) take the follow-
ing form
ρϕ = ǫ
1
2
ϕ˙2 + V (ϕ) +
9
2
ηH2ϕ˙2, (6)
pϕ = ǫ
1
2
ϕ˙2 − V (ϕ) − η(H˙ϕ˙2 + 3
2
H2ϕ˙2 + 2Hϕ˙ϕ¨). (7)
Friedmann equations can be written as
33H2 = F (ϕ)ρm +
1
2
ϕ˙2(ǫ+ 9ηH2) + V (ϕ), (8)
H˙(1− 1
2
ηϕ˙2) = −ǫ1
2
ϕ˙2− 1
2
γF (ϕ)ρm−η(3
2
H2ϕ˙2−Hϕ˙ϕ¨).
(9)
where γ ≡ 1+wm is the barotropic index which depends
on the type of matter. Variation of the action (1) with
respect to the scalar field gives the equation of motion of
this field as
ǫ(ϕ¨+3Hϕ˙)+3η(H2ϕ¨+2ϕ˙HH˙+3H3ϕ˙)+V ′(ϕ) = F ′(ϕ)ρm ,
(10)
where a prime represents derivative with respect to ϕ.
The continuity equations for scalar field and dark matter
are respectively as follows
ρ˙ϕ + 3H(1 + ωϕ)ρϕ = Q , (11)
(F (ϕ)ρm )˙ + 3HγF (ϕ)ρm = −Q . (12)
where Q = F ′(ϕ)ϕ˙ρm is a specific interaction term ob-
tained in this model. The sign of Q shows the direction
of energy transfer

Q > 0, Energy transfers
from dark matter to dark energy.
Q < 0, Energy transfers
from dark energy to dark matter.
This sign has important role in the existence of attractor
solutions, growth rate of perturbations and the stability
of cosmological solutions. In comparison with the stan-
dard continuity equation, we have
ρ˙ϕ + 3H(1 + ωϕ,eff )ρϕ = 0 , (13)
(F (ϕ)ρm )˙ + 3HγeffF (ϕ)ρm = 0 . (14)
where
ωϕ,eff = ωϕ− Q
3Hρϕ
, γeff = γ+
Q
3HF (ϕ)ρm
. (15)
Depending on the direction of energy flow from DM to
DE or vice versa, the growth rate of DM density differs
from the standard case without interaction. For Q > 0

Dark Energy, ωϕ,eff < ωϕ,
DE gets red-shifted slower than
a−3(1+ωϕ)
Dark Matter, γeff > γ,
DM gets red-shifted faster than a−3
For Q < 0


Dark Energy, ωϕ,eff > ωϕ,
DE gets red-shifted faster than
a−3(1+ωϕ)
Dark Matter, γeff < γ,
DM gets red-shifted slower than a−3
III. THE PHASE SPACE ANALYSIS
Now we focus on the cosmological status of this model
via a dynamical system analysis. This technique has the
capability to shed light on the existence and stability of
critical points in the cosmic history of the model, each
corresponding to a cosmological phase of expansion. We
also focus mainly on the role of the non-minimal deriva-
tive coupling and the interaction between the dark sec-
tors in this setup. For this purpose we introduce some
new dimensionless variables to translate our equations in
the language of the autonomous dynamical system. We
consider the following dimensionless quantities
x1 =
ϕ˙√
6H
, x2 =
√
V (ϕ)√
3H
,
x3 =
√
F (ϕ)ρm√
3H
, x4 = 3
√
ηH. (16)
We obtain a constraint on the parameters space of the
model by rewriting the Friedmann equation (8) in terms
of the new variables as follows
1 = x21(ǫ+ x
2
4) + x
2
2 + x
2
3 . (17)
which allows us to investigate evolution of just three vari-
ables since the forth one can be expressed in terms of
the other ones. In which follows we consider x1 as our
dependent variable and omit it in our forthcoming calcu-
lations. We suppose the case with positive Q where the
energy flows from dark matter to dark energy. We rewrite
the Friedmann equation (9) and the equation of motion
(10) versus the new phase space variables. To this end,
we consider an exponential potential as V (ϕ) = V0e
−λϕ
where λ and V0 are positive constants. Then we find,
H˙
H2
=
1
1− (13 −
4
9
x2
4
ǫ+ 1
3
x2
4
)x21x
2
4
[
− 3ǫx21 −
3
2
γx23 − x21x24 +
(−2ǫx1 +
√
6
3 λx
2
2 +
√
6
3 αx
2
3 − 23x1x24)x1x24
ǫ+ 13x
2
4
]
, (18)
ϕ¨
H2
=
−3√6ǫx1 + 3λx22 + 3αx23 −
√
6(23
H˙
H2
+ 1)x1x
2
4
ǫ+ 13x
2
4
,
(19)
4In the next step, we introduce a new time variable
N = ln a(t) which is related with the cosmic time through
dN = Hdt, and we reach the following autonomous sys-
tem of equations
x′2 = −
(√
6
2
λx1 +
H˙
H2
)
x2, (20)
x′3 = −
(
3
2
γ +
√
6
2
αx1 +
H˙
H2
)
x3, (21)
x′4 =
H˙
H2
x4. (22)
where a prime denotes the derivative with respect to N .
Now we find the critical points (fixed points) of the model
to analyze the cosmological evolution and history in this
setup. For this goal, the autonomous equations (20 - 22)
are set equal to zero. To study the stability around these
fixed points we have to calculate the eigenvalues in each
critical points. These eigenvalues can be derived from
the following matrix equation

 x′2x′3
x′4

 =M

 x2x3
x4

 (23)
where M is the Jacobian matrix that is evaluated at the
fixed points as follow
M =


∂x′2
∂x2
∂x′2
∂x3
∂x′2
∂x4
∂x′3
∂x2
∂x′3
∂x3
∂x′3
∂x4
∂x′4
∂x2
∂x′4
∂x3
∂x′4
∂x4


(x2,x3,x4)=(x2c,x3c,x4c)
(24)
The general solution for the above system in the linear
approximation is
x1 = A1e
λ1N +B1e
λ2N + C1e
λ3N ,
x2 = A2e
λ1N +B2e
λ2N + C2e
λ3N ,
x3 = A3e
λ1N +B3e
λ2N + C3e
λ3N , (25)
where λ1, λ2, λ3 and A, B, C are respectively eigenvalues
and eigenvectors of the M matrix at the critical points.
If all real eigenvalues are negative, the fixed points will
be attractors (i.e. asymptotically stable nodes), but if
these real eigenvalues are positive, the fixed points will
be repellers (i.e. asymptotically unstable nodes). How-
ever, if one of the eigenvalues is negative, the fixed points
will be saddle points. Furthermore, if there are complex
eigenvalues, depending on the sign of the real parts, they
will be stable (or unstable) spirals.
To proceed further, we consider two scalar fields,
quintessence and phantom field. For quintessence field
ǫ = +1 and we solve the above equations. For phantom
field ǫ = −1. In addition, we introduce ωtot as the total
equation of state parameter at the critical points
ωtotc =
Ptotc
ρtotc
=
Pϕ + (γ − 1)F (ϕ)ρm
ρϕ + ρm
, (26)
where ‘c’ stands for critical point. The equation of state
parameter (26) in terms of the dimensionless parameters
can be rewritten as follows
ωtot =ǫx
2
1 − x22 + (γ − 1)x23 −(
2
9
H˙
H2
x1 +
1
3
x1 +
2
√
6
27
ϕ¨
H2
)
x1x
2
4. (27)
To have the possibility of accelerated expansion in this
setup, ωtotc has to be restricted as ωtotc < − 13 . Also, ac-
cording to the constraint Ωϕ+Ωm = 1, these parameters
should satisfy the following conditions
0 ≤ Ωm ≤ 1. (28)
0 ≤ Ωϕ = [x21(ǫ+ x24) + x22] ≤ 1. (29)
A. The phase space with a quintessence field
Solving equations (20 - 22) with ǫ = +1, we reach
at seven critical points (A,B,C,D,E, F,G) in our sys-
tem, but the critical point G is not a physically accept-
able point. So, we just discuss the remaining six criti-
cal points. Furthermore, we study stability of solutions
around these fixed points that is related to the form of the
eigenvalues in each critical point. The results are summa-
rized in tables I and II. Now we focus on the properties
of each critical point separately. In all calculations we
consider the constraint γ = 1 (a pressureless matter).
• Critical point A:
The critical point A represents an attractor for
α >
√
6
2 and λ >
√
6, otherwise it is a saddle point
and a scalar field’s kinetic energy term dominates
the universe. In this case we have no late-time ac-
celeration.
• Critical points B±:
The critical points B± show saddle points in the
phase space. These points belong to matter dom-
ination era. The saddle nature of these points re-
flects the fact that the matter domination era is a
transient phase in cosmic history with deceleration.
5• Critical points C±:
The critical points C± show a solution with mat-
ter density and a scalar field’s kinetic energy term
domination. As we see, this contribution depends
on the value of α. But the behavior of these two
critical points depends on the values of α and λ. If
we consider α2 < 32 and λα − α2 > 32 , these two
critical points are attractors, otherwise they will be
saddle points. Nevertheless, in both cases there is
no possibility for accelerating phase of expansion.
• Critical points D±:
The critical points D± denote either a solution
with a potential energy term domination or a scalar
field’s kinetic energy term domination. As we see,
this contribution depends on the values of λ. These
two critical points behave like attractor points in
the phase space if we consider λ2 < 6 and λ2−λα <
3. But if we consider λ2 − λα > 3, these two fixed
points will be saddle. In both of these cases, by
assuming λ2 < 2, accelerating phase of expansion
is possible.
• Critical points E±:
These critical points represent cosmological con-
stant domination phase. Unfortunately, in this case
the eigenvalues are indefinite and one cannot under-
stand the behavior of the fixed points E±.
• Critical points F±∓:
The critical points F±∓ are scaling solutions with
accelerated expansion and naturally the coinci-
dence problem can be alleviate in this situation.
By choosing λ and α parameters from the shaded
region in the left panel of figure 1, the critical points
will be attractor nodes. For α
α−λ >
1
3 there is an ac-
celerating phase of expansion. In fact, our analysis
verifies that ΩmΩϕ < 1 and ωtotc < − 13 . The phase
portrait for this case is illustrated in right panel
of figure 1. This figure shows that all trajectories
converge to the attractor points F±∓. By choos-
ing suitable values of quantities λ and α, we obtain
the current value of the dark matter density pa-
rameter, Ωm, that is in agreement with the recent
data from Planck 2015 [7], Ωm = 0.3089 ± 0.0062
from TT, TE, EE+lowP+lensing+ext data. Fur-
thermore, these points represent that for positive λ
we have to consider negative α and coupling term
behaves like a potential function.
B. The phase space with a phantom field
Solving equations (20 - 22) with ǫ = −1, we reach
seven critical points (A,B,C,D,E, F,G) in our system.
The critical point C is not a physically acceptable point
and it will not be considered in our forthcoming argu-
ments. These critical points and stability around them
are summarized in tables III and IV. Now we investigate
the properties of each critical point separately. As before,
we suppose γ = 1.
• Critical point A:
The fixed point A shows a saddle point in a scalar
field’s kinetic energy dominated universe and in this
case we have no late-time acceleration.
• Critical points B±:
Like the previous subsection, the critical points B±
show saddle points in the matter dominated phase
and represent that the matter domination era is
transient phase.
• Critical points E±:
These critical points represent cosmological con-
stant domination era. Once again, in this case the
eigenvalues are indefinite and one cannot under-
stand the behavior of the fixed points E±.
• Critical points F±∓:
The critical points F±∓ show either a solution with
matter density term and a scalar field’s kinetic en-
ergy term domination or potential term domina-
tion. According to their eigenvalues, if we choose
α and λ from the shaded area in the left panel
of figure 2, the critical points will be attractor
nodes, otherwise we have saddle points. There is
an accelerated expansion phase under the condi-
tion α
α−λ >
1
3 . We can obtain the current value
of the dark matter density, Ωm, that is in agree-
ment with the recent data from Planck2015 [7],
Ωm = 0.3089 ± 0.0062 by choosing α = −3.5 and
λ = 0.5. Furthermore, the equation of state pa-
rameter of the dark energy gets a value very close
to the equation of state parameter of the dark en-
ergy from TT, TE, EE+lowP+lensing+ext data in
Ref. [7], that is, ω = −1.019+0.075−0.080. In the absence
of the non-minimal derivative coupling, there is no
such a good agreement with data in this setup. The
important issue about this point is that the exis-
tence of the non-minimal derivative coupling pro-
vides the possibility of having attractor solution (or
scaling solution) for the present universe and this
is in contrast with the previous work such as [26]
that shows jut the future attractors. Also if we
consider non-minimally coupled derivative without
interaction between dark sectors, there will be no
attractor points [77]. So, we can conclude that the
existence of the non-minimally coupled derivative
and also interaction between dark sectors is neces-
sary to find attractor solution.
• Critical points G±∓:
The critical points G±∓, for a narrow range of α,
show a solution with matter density and a scalar
field’s kinetic energy term domination. These
points also, are critical points that carry some in-
formation about the role of the non-minimal deriva-
tive coupling in this setup. These solutions are
6TABLE I. Properties of the critical points for quintessence field.
(x2c, x3c, x4c) Existence Stability Ωϕ ωtotc a¨c > 0
A(0, 0, 0) ∀λ, α attractor point if α >
√
6
2
and 1 1 No
λ >
√
6; otherwise saddle point
B±(0,±1, 0) ∀λ, α saddle point 0 0 No
attractor point if α2 < 3
2
C±(0,±
√
1− 2α2
3
, 0) ∀λ and α2 ≤ 3
2
and λα− α2 > 3
2
; 2
3
α2 2
3
α2 No
otherwise saddle point
attractor point if λ2 < 6
D±(±
√
1− λ2
6
, 0, 0) ∀α, λ2 ≤ 6 and λ2 − αλ < 3; 1 −1 + 1
3
λ2 Yes if
saddle point if λ2 < 6 λ2 < 2
and λ2 − αλ > 3
E±(±1, 0, x4) ∀λ, α undefined 1 -1 Yes
F±(±
√
α2−αλ+ 3
2
α−λ , 0 ≤ α2 − αλ+ 32 ≤ (α− λ)2 attractor point (fig. 1, α
2−αλ+3
(α−λ)2 − αα−λ Yes if
±
√
λ2−αλ−3
α−λ , 0) 0 ≤ λ2 − αλ− 3 ≤ (α− λ)2 left panel); otherwise saddle point αα−λ > 13
G±(0,±
√
−2α2−6
α
, not exists - - - -
±√2α2 + 3)
TABLE II. The eigenvalues (θi’s) of the critical points for quintessence field.
point(x2c, x3c, x4c) θ1, θ2, θ3
A(0, 0, 0) −3, 3
2
−
√
6
2
α, 3−
√
6
2
λ
B±(0,±1, 0) − 32 , 32 , undefined
C±(0,±
√
1− 2α2
3
, 0) −α2 − 3
2
, α2 − λα+ 3
2
, α2 − 3
2
D±(±
√
1− λ2
6
, 0, 0) − 1
2
λ2, 1
2
λ2 − 1
2
αλ− 3
2
, 1
2
λ2 − 3
E±(±1, 0, x4) undefined
F±(±
√
α2−αλ+ 3
2
α−λ ,±
√
λ2−αλ−3
α−λ , 0)
3λ
2(α−λ) ,
−6α+ 3
4
λ± 3
4
√
16α2−32αλ+25λ2−72
α−λ
G±(0,±
√
−2α2−6
α
, ±√2α2 + 3) -
7FIG. 1. Critical points F±∓ are stable nodes in the blue-shaded region of the λ-α phase plane for quintessence field (left
panel). The phase plane for critical points F±∓ with λ = 2 and α = −2.2. The critical points F±(x2 = ±0.78, x3 = ±0.55)
are stable nodes so that the quintessence dominated solution is the late time attractor. The critical points A(0, 0), B±(0,±1)
and E±(±1, 0) are saddle points. All the phase space trajectories diverge from the unstable points and converge towards the
attractors (right panel).
attractor if we choose α and λ from the shaded
region in the right panel of figure 2. As we see
from figure 3, α and λ parameters have the same
signs in contrast with the critical points F±∓. To
find a value of the dark matter density parameter,
Ωm, that is in agreement with the recent data from
Planck2015 [7] that gives Ωm = 0.3089 ± 0.0062,
we have to consider α = 1.61 with any positive
λ. Furthermore, the equation of state parameter
of the dark energy reaches −1.85, which is close
to the best fit ω = −1.94 for Planck+WMAP, the
best fit ω = −1.94 for Planck+WMAP+high L [6],
ω = −1.54+0.62−0.50 for TT and ω = −1.55+0.58−0.48 for
TE+EE in [7]. Our analysis shows that in the ab-
sence of the non-minimal derivative coupling, there
is no such a good agreement with data in this setup.
In fact, existence of a non-minimal coupling be-
tween the derivatives of the dark energy component
and curvature provides a better fit with observa-
tions in this setup.
IV. STABILITY IN ω′ϕ − ωϕ SPACE
Now we investigate the classical stability of the solu-
tions in ω′ϕ − ωϕ phase-plane of the scalar fields with
non-minimal derivative coupling (other similar interest-
ing cases can be seen in Refs. [78, 79, 80, 81, 82, 83]).
Like the previous parts, a prime denotes the derivative
with respect to N = ln a(t),
ω′ϕ =
dωϕ
dN
=
dωϕ
dρϕ
dρϕ
dN
(30)
where
dωϕ
dρϕ
=
1
ρϕ
(
dpϕ
dρϕ
− ωϕ
)
(31)
and
dρϕ
dN
=
ρ˙ϕ
H
= −3ρϕ(1 + ωϕ) (32)
By considering the sound speed as c2a ≡ p˙ρ˙ or equivalently
c2a ≡ dpdρ , we obtain the following general result
ω′ = −3(1 + ωϕ)(c2a − ωϕ), (33)
The sound speed represents the phase velocity of the in-
homogeneous perturbations of the scalar field. This func-
tion would be the adiabatic sound speed in this fluid if
we consider the the energy-momentum of the scalar field
as a perfect fluid form. To get ride off the future big rip
singularity, sound speed is supposed to be positive. We
calculate c2a in our model and then ω
′ will be achieved
easily. By using equations (6), (7), (13) and the sound
speed definition we get
8TABLE III. Properties of the critical points for phantom field.
(x2c, x3c, x4c) Existence Stability Ωϕ ωtotc a¨c > 0
A(0, 0, 0) ∀λ, α saddle point 1 1 No
B±(0,±1, 0) ∀λ, α saddle point 0 0 No
C±(0,±
√
1 + 2α
2
3
, 0) - - - - -
D±(±
√
1 + λ
2
6
, 0, 0) ∀λ, α saddle point 1 −1− 1
3
λ2 Yes
E±(±1, 0, x4) ∀λ, α undefined 1 -1 Yes
F±(±
√
α2−αλ− 3
2
α−λ , α
2 − αλ− 3
2
≥ 0 attractor point (fig. 2, α2−αλ−3
(α−λ)2 − αα−λ Yes if
±
√
λ2−αλ+3
α−λ , 0) 0 ≤ λ2 − αλ+ 3 ≤ (α− λ)2 left panel); otherwise saddle point αα−λ > 13
G±(0,±
√
−2α2+6
α
, 2 ≤ α2 ≤ 3 attractor point (fig. 2 right panel); 3− 6
α2
8α4−51α2+63
8α4−21α2+9 Yes
±√2α2 − 3) otherwise saddle point
TABLE IV. The eigenvalues (θi’s) of the critical points for phantom field(gi’s are given in Appendix A).
point(x2c, x3c, x4c) θ1, θ2, θ3
A(0, 0, 0) −3, 3
2
+
√−6
2
α, 3−
√−6
2
λ
B±(0,±1, 0) − 32 , 32 , undefined
C±(0,±
√
1 + 2α
2
3
, 0) -
D±(±
√
1 + λ
2
6
, 0, 0) 1
2
λ2, − 5
2
λ2 − 9, − 1
2
λ2 − 1
2
αλ− 3
2
E±(±1, 0, x4) undefined
F±(±
√
α2−αλ− 3
2
α−λ ,±
√
λ2−αλ+3
α−λ , 0)
3
2
λ
α−λ ,
−6α+ 3
4
λ± 3
4
√
16α2−32αλ+25λ2+72
α−λ
G±(0,±
√
−2α2+6
α
,±√2α2 − 3) g1, g2, g3
c2a = −
1
3
+
2
√
6λx1x
2
2 +
4
√
6
3 ǫ
ϕ¨
H2
x1
3
√
6αx1x23 − 9Ωϕ(1 + ωϕ)
−
(
2
3
H¨
H2
x21 +
4
9
H˙
H2
ϕ¨
H2
x1 +
2
9 (
ϕ¨
H2
)2 + 2
√
6
9
ϕ¨˙
H3
x1
)
x24
3
√
6αx1x23 − 9Ωϕ(1 + ωϕ)
(34)
then we obtain the following form for ω′
ω′ = (1 + ωϕ)(1 + 3ωϕ)− 3(1 + ωϕ)(
−
(
2
3
H¨
H2
x21 +
4
9
H˙
H2
ϕ¨
H2
x1 +
2
9 (
ϕ¨
H2
)2 + 2
√
6
9
ϕ¨˙
H3
x1
)
x24
3
√
6αx1x23 − 9Ωϕ(1 + ωϕ)
+
4
√
6
3 ǫ
ϕ¨
H2
x1 + 2
√
6λx1x
2
2−
3
√
6αx1x23 − 9Ωϕ(1 + ωϕ)
)
. (35)
9FIG. 2. Left panel: Critical points F±∓ are stable nodes in the shaded region of the λ-α phase plane for the phantom field.
Right panel: Critical points G±∓ are stable nodes in the shaded region of the λ-α phase plane for the phantom field.
For the sake of economy we avoid to present the extended
form of this equation but we note that in this relation
H˙
H2
= −3
2
Ωϕ(1 + wϕ), (36)
x22 =
1
2Ωϕ(1− ωϕ)− 23x21x24 − 19 H˙H2 x21x24
1 +
√
6
9
λx1x
2
4
ǫ+ 1
3
x2
4
+
√
6
27
(
3
√
6ǫx1−3αx23+ 23
√
6 H˙
H2
x1x
2
4+
√
6x1x
2
4
ǫ+ 1
3
x2
4
)
x1x
2
4
1 +
√
6
9
λx1x
2
4
ǫ+ 1
3
x2
4
(37)
By taking time derivative of equations (18) and (19)
and doing some calculations, we reach the following equa-
tions respectively
H¨
H3
=
9
2Ωϕ(1 + ωϕ)− 32
√
6αx1x
2
3 −
√
6
2 ǫ
ϕ¨
H2
x1 − 3
√
6λ
2 x1x
2
2
1 + ( 4
9ǫ+3x2
4
− 13 )x21x24
+
(
2
√
6
9
H˙
H2
ϕ¨
H2
x1 +
H˙
H2
x21 +
√
6
6
ϕ¨
H2
x1 +
1
9 (
ϕ¨
H2
)2
)
x24
1 + ( 4
9ǫ+3x2
4
− 13 )x21x24
+
(
2
√
6
3
(
H˙
H2
)2
x1 +
4
3
H˙
H2
ϕ¨
H2
+ 3
√
6 H˙
H2
x1
)
x24 + 3
√
6λ2x1x
2
2
9√
6
(
1
x2
1
x2
4
+ ( 4
9ǫ+3x2
4
− 13 )x1
)
(ǫ+ 13x
2
4)
+
3
√
6ǫ H˙
H2
x1 +
ϕ¨
H2
(3ǫ+ x24) + α(3
√
6αx1x
2
3 + 9γx
2
3)
9√
6
(
1
x2
1
x2
4
+ ( 4
9ǫ+3x2
4
− 13 )x1
)
(ǫ + 13x
2
4)
(38)
ϕ¨˙
H3
=
−α(3√6αx1x23 + 9γx23)
ǫ+ 13x
2
4
−
(
2
√
6
3
(
H˙
H2
)2
x1 +
4
3
H˙
H2
ϕ¨
H2
+ 2
√
6
3
H¨
H3
x1 + 3
√
6 H˙
H2
x1
)
x24
ǫ+ 13x
2
4
−3
√
6λ2x1x
2
2 − 3
√
6ǫ H˙
H2
x1 − ϕ¨H2 (3ǫ+ x24)
ǫ+ 13x
2
4
. (39)
In terms of the sign of the sound speed, the phase
plane is divided into the following four regions. c2a > 0
is the necessary for the stability of the solutions. As we
see in figure 3, the stable regions of the solutions in this
case are the regions I and III. The region I belongs to a
quintessence phase, while region III is a phantom phase.


ωϕ > −1, ω´ < 3ωϕ(1 + ωϕ) ⇒ c2a > 0 (I)
ωϕ > −1, ω´ > 3ωϕ(1 + ωϕ) ⇒ c2a < 0 (II)
ωϕ < −1, ω´ > 3ωϕ(1 + ωϕ) ⇒ c2a > 0 (III)
ωϕ < −1, ω´ < 3ωϕ(1 + ωϕ) ⇒ c2a < 0 (IV )
(40)
V. STATEFINDER DIAGNOSTIC
Nowadays there are a lot of dark energy models. In
2003 Sahni et al. [84] have proposed a new pair of pa-
rameters {r, s}, called statefinder parameters to distin-
guish between different types of dark energy models. By
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FIG. 3. Bounds on ω′ϕ as a function of ωϕ in ω
′
ϕ − ωϕ phase plane. Left panel: ω′ϕ − ωϕ phase plane for quintessence field
with λ = 2, α = −2.2, x1 = 0.29 and Ωϕ = 0.69. Right panel: ω′ϕ − ωϕ phase plane for phantom field with λ = 0.5, α = −3.5,
x1 = 0.31 and Ωϕ = 0.69.
using the second and third derivatives of the scale factor
these parameters can be achieved. The second derivative
of the expansion factor gives the deceleration parameter.
In spatially flat universe it takes the following form
q = − a¨
aH2
= −(1 + H˙
H2
). (41)
These statefinder diagnostic pair of parameters, {r, s},
are defined as
r =
˙a˙˙
aH3
=
H¨
H3
− 3q − 2, (42)
s =
r − 1
3(q − 12 )
. (43)
The statefinder diagnostic tool completely depends on
the scale factor. Describing the spacetime by a metric im-
plies that the statefinder is a geometrical diagnostic tools.
From the statefinder diagnostic’s point of view, there are
various dark energy models which their evolutionary tra-
jectories in {r, s} (or equivalently in {r, q} or {s, q}) plane
are different. So, the statefinder diagnostic tool has an
important role in distinguishing between alternative dark
energy models. Besides, the statefinder parameters are
useful tools to study the expansion history of the universe
by using higher derivatives of the scale factor (˙a˙˙). Cur-
rently the concordance model for dark energy scenario is
the ΛCDM model which corresponds to fixed point in the
r−s phase diagram with {r, s}ΛCDM = {1, 0} (or equiva-
lently {r, q}ΛCDM = {1,−1} or {s, q}ΛCDM = {0,−1} ).
By describing the trajectories in the r−s phase plane, we
can identify discrepancy of the models from the ΛCDM
scenario [85]. The equation (42) can be rewritten as
r =
d
dN
[
H˙
H2
]
+ 2
[
H˙
H2
]2
+ 3
[
H˙
H2
]
+ 1. (44)
As we have seen previously, for both quintessence and
phantom fields which their derivatives are non-minimally
coupled to curvature, there are attractor solutions. By
taking derivative from Eq. (18), Eq. (77) can be written
as follows
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r =
H˙
H2
[ 2
3 (x
′
1x4 + x
′
4x1)x1x4 − 49
(
(2x′1x1x
4
4 + 4x
2
1x
′
4x
3
4)(ǫ+
x24
3 )− (23x′4x4)x21x44
)(
ǫ+
x24
3
)−2
(
1− x21x243 +
4x2
1
x4
4
9ǫ+3x2
4
)
]
−
6x′1x1 + 3γx
′
3x3 + 2x
′
1x1x
2
4 + 2x
′
4x4x
2
1
1− x21x243 +
4x2
1
x4
4
9ǫ+3x2
4
+
2
3x
′
4x4(
√
6
3 αx1x
2
4 −
√
6
3 λx1x
2
2x
2
4 + 2ǫx
2
1x
2
4 +
2
3x
′4
4 x
2
1)(
ǫ +
x2
4
3
)2
(1 − x21x243 +
4x2
1
x4
4
9ǫ+3x2
4
)
−
√
6
3 α(x1x
2
4x
2
3 + 2x1x
′
4x4x
2
3 + x1x
2
4x3x
′
3)−
√
6
3 λ(x
′
1x
2
2x
2
4 + 2x1x
′
2x2x
2
4 + 2x1x
2
2x
′
4x4)
(ǫ+
x2
4
3 )(1 −
x2
1
x2
4
3 ) +
4x2
1
x4
4
9ǫ+3x2
4
−4ǫx′1x1x24 − 4ǫx21x′4x4 − 43x′1x1x44 − 83x21x34
(ǫ +
x2
4
3 )(1−
x2
1
x2
4
3 ) +
4x2
1
x4
4
9ǫ+3x2
4
+ 2
[
H˙
H2
]2
+ 3
H˙
H2
+ 1. (45)
where a prime shows derivative with respect to N =
ln a(t) and x′2, x
′
3, x
′
4 can be replaced by equations (20)-
(22) respectively. Note also that this relation holds for
both quintessence and phantom field due to existence of
ǫ = ±1.
Also by substituting equations (78), (41) and (18) into
equation (43), the parameter s can be derived. For the
sake of economy we do not present this lengthy equation
explicitly here.
Now we study numerically the statefinder diagnostic
for both quintessence and phantom field in this setup.
First we consider quintessence field and set ǫ = 1 in the
above equation. Figure 4 illustrates the trajectories of
{q, r} and {q, s} phase plane and ωϕ for the critical points
F±∓ with two different values of λ and α parameters. For
blue solid line, the late time stable attractor solutions
F±∓ indicate that if λ = 2 and α = −2.2, the initial
values will be x2 = 0.78 and x3 = 0.55 (x
2
3 = Ωm = 0.31)
with x4 = 0. For λ = 2.4 and α = −4, the initial values
will be x2 = 0.81, x3 = 0.55 and x4 = 0 for purple dashed
line and this is in agreement with Planck2015 data [7].
The figures indicate that with different values of λ and α
parameters the trajectories can evolve differently. Just by
considering larger values of parameter α, the trajectories
of parameters will approach the ΛCDM model. So, the
ΛCDM is not in the cosmic history of quintessence field
with non-minimal derivative coupling at least for small
values of parameter α. For phantom field we set ǫ = −1
in equation (78). Figure 5 illustrates the trajectories of
{q, r} and {q, s} phase plane and ωϕ for critical points
F±∓ with two different values of the λ and α parameters.
For blue solid line, the late time stable attractor solutions
F±∓ indicate that if λ = 0.1 and α = −3.15, the initial
values will be x2 = 0.90 and x3 = 0.56 (x
2
3 = Ωm =
0.31) with x4 = 0. For λ = 0.80 and α = −3.80, the
initial values will be x2 = 0.87, x3 = 0.56 and x4 =
0 for brown-dashed line and this is in agreement with
Planck2015 data [7]. Once again, these figures indicate
that with different values of λ and α parameters, the
trajectories can evolve differently. Considering smaller
values of α, the trajectories of parameters will approach
the ΛCDM model and therefore ΛCDM belongs to the
cosmic history with a phantom field with non-minimal
derivative coupling.
VI. COSMOLOGICAL PERTURBATIONS
WITH QUINTESSENCE FIELD
Now we study cosmological perturbations in our setup
with a quintessence field that is coupled non-minimally
with dark matter and also its derivatives are coupled to
the background curvature. We investigate the analyti-
cal solution of matter perturbations in this coupled sce-
nario and compare the results with matter perturbation
solutions without interaction between the dark sectors.
In scalar perturbations scenario a FRW perturbed back-
ground metric has the following form (we do not study
vector and tensor perturbations):
ds2 = −(1 + 2A)dt2 + 2a∂iBdxidt+
a2
[
(1 + 2ψ)δij + 2∂ijE
]
dxidxj , (46)
where ∂i stands ∂/∂x
i, the spatial partial derivative.
Now we define cosmological gauge-invariant variables.
The scalar perturbations transform under gauge trans-
formations t → t + δt and x → xi = xi + δij∂jδx as
[86, 87]
A→ A− δ˙t, B → B − a−1δt+ aδ˙x,
ψ → ψ −Hδt, E → E − δx, (47)
Also the field perturbation transformation is
δϕ→ δϕ− ϕ˙δt, (48)
It is convenient to consider Bardeens or gauge invariant
potentials which firstly were introduced in [86]. There
are, in addition, other gauge invariant variables, (see for
instance [88, 89]), but here we just consider Bardeen’s
potentials as follow:
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FIG. 4. Trajectories of the stable nodes F±∓, in {q, r} phase plane with initial values x2 = 0.78, x3 = 0.55 and x4 = 0 for
blue solid line, and x1 = 0.81, x3 = 0.55 and x4 = 0 for purple dashed line with the specified values of λ and α (upper left
panel). Point T shows the late time values of {q, r} in this model. Point F is the stable state of {q, r} in future. The value of
the statefinder {q, r} in the ΛCDM scenario is shown by ΛCDM point. The upper right panel shows the trajectories of the
stable nodes F±∓ in {q, s} phase plane with the same initial values as for the left panel. The lower panel is devoted to effective
equation of state parameter versus the cosmic time for critical points F±∓ with initial values x3 = 0.55, x2 = 0.78 and x4 = 0
for blue solid line and x3 = 0.55, x2 = 0.81 and x4 = 0 for purple dashed line with the values of λ and α as given in the figure.
The lower panel is devoted to ωϕ parameter.
Φ ≡ A− d
dt
[
a2
(
E˙ +
B
a
)]
, (49)
Ψ ≡ −ψ + a2H
(
E˙ +
B
a
)
. (50)
It is useful to consider the following decomposition of
energy-momentum tensor for perturbation calculations
T 00 =−(ρ+ δρ), T 0α = −(ρ+ P )ν,α ,
Tαβ = (p+ δp)δ
α
β +Π
α
β , (51)
where Παβ is a traceless anisotropic stress. We suppose
the Newtonian (longitudinal or shear-free) gauge in which
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FIG. 5. Trajectories of the stable nodes F±∓, in {q, r} phase plane with initial values x2 = 0.90, x3 = 0.56 and x4 = 0 for blue
solid line, and x2 = 0.87, x3 = 0.56 and x4 = 0 for brown dashed line with the specified values of λ and α (upper left panel).
Point T shows the late time values of {q, r} in this model. Point F is the stable state of {q, r} in future. The value of the
statefinder {q, r} in the ΛCDM scenario is shown by ΛCDM point. The upper right panel shows the trajectories of the stable
nodes F±∓ in {q, s} phase plane with the same initial values as for the left panel. We see that ΛCDM belongs to the cosmic
history with a phantom field with non-minimal derivative coupling. The lower panel is devoted to ωϕ parameter.
B = E = 0. At the linear order for action (1), perturbed
Einstein equations, δGµν = δT
µ
ν , and also covariant di-
vergence of the perturbed tensor δ∇µT µν = δ(Qρmϕ˙) for
ν = 0, i can be derived respectively as
3H(ψ˙ −HA)− ∇
2ψ
a2
=
1
2
[
ϕ˙δϕ˙− ϕ˙2A+ ∂V
∂ϕ
δϕ+
η
(
− 9Hϕ˙2ψ˙ + 9H2ϕ˙δϕ˙+ 2
a2
Hϕ˙∇2δϕ
− ϕ˙
2
a2
∇2ψ + F ′(ϕ)δϕρm + F (ϕ)δρm
)]
, (52)
14
HA− ψ˙= 1
2
[
ϕ˙δϕ+ η(3Hϕ˙2A− ϕ˙2ψ˙ + 3H2ϕ˙δϕ)
+2Hϕ˙δϕ˙+ aF (ϕ)(ρm + pm)νm
]
, (53)
A = −ψ + 1
2
η
[
(A− ψ)ϕ˙2 + 2ϕ¨δϕ+ 2Hϕ˙δϕ
]
, (54)
3H2A+ 2H˙A+HA˙+
1
3a2
∇2A− 3Hψ˙ − ψ¨ =
− 1
3a2
∇2ψ + 1
2
[
ϕ˙δϕ˙− ϕ˙2A− ∂V (ϕ)
∂ϕ
δϕ+
η
[
(6H2 + 4H˙)ϕ˙2A+ 8Hϕ˙ϕ¨A+ 3Hϕ˙2A˙+
1
3a2
ϕ˙2∇2A− 3Hϕ˙2ψ˙ − 3Hϕ˙ϕ¨ψ˙ − ϕ˙2ψ¨ − 1
3a2
ϕ˙2∇2ψ
−3H2ϕ˙δϕ˙− 2H˙ϕ˙δϕ˙− 2Hϕ¨δϕ˙− 2Hϕ˙δϕ¨+
2
3a2
(ϕ¨+Hϕ˙+∇2δϕ)
]
+ F ′(ϕ)δϕpm + F (ϕ)δpm
]
,(55)
δ(F (ϕ)ρm )˙ + 3Hδ
(
F (ϕ)(ρm + pm)
)
=
F (ϕ)(ρm + pm)
(
− 3ψ˙ + ∇
2
a
νm
)
+δF ′(ϕ)ρmϕ˙+ F ′(ϕ)δρmϕ˙+ F ′(ϕ)ρmδϕ˙, (56)
ν˙m +
[
(1 − 3ωm)H + F
′(ϕ)
F (ϕ)
ϕ˙
]
νm =
1
a
[
A+
ωm
1 + ωm
δm +
F ′(ϕ)
F (ϕ)
δϕ
1 + ωm
]
. (57)
where a prime denotes derivative with respect to ϕ. We
investigate the evolution of perturbations on sub-Hubble
scales. For this end, we are interested in to calculate
δm ≡ δ(F (ϕ)ρm)/F (ϕ)ρm in order to derive matter per-
turbations. Note that large scale galaxy clustering obser-
vations induce constraints on the dark energy, and in this
case this parameter plays an important role. In which
follows, we consider ωm as a constant. By adopting the
following Fourier transformations
ϕ(x, t)→ eik.rϕ(t), (58)
∇ϕ(x, t)→ ieik.rkϕ(t), (59)
∇2ϕ(x, t)→ −eik.rk2ϕ(t) , (60)
equations (56) and (57) can be read as follows
δ˙m = (1+ωm)(3Ψ˙− k
2
a
νm)+
δF ′(ϕ)
F (ϕ)
ϕ˙+
F ′(ϕ)
F (ϕ)
δϕ˙, (61)
ν˙m +
[
(1− 3ωm)H + F
′(ϕ)
F (ϕ)
ϕ˙
]
νm =
1
a
[
Φ+
ωm
1 + ωm
δm +
F ′(ϕ)
F (ϕ)
δϕ
1 + ωm
]
. (62)
Notice that, since the equations are linear, the Fourier
modes eik.r can be easily dropped out. Taking a deriva-
tive from Eq. (61) and eliminating νm from the two above
equations, we obtain
δ¨m +
[
(2− 3ωm)H + C
]
δ˙m +
k2
a2
ωmδm +
k2
a2
[
Φ +
E
1 + ωm
]
(1 + ωm) =
3(1 + ωm)
[
Ψ¨ +
[
(2− 3ωm)H + C
][
Ψ˙ +
D +B
3(1 + ωm)
]]
+ D˙ + B˙. (63)
where
D =
δF ′(ϕ)
F (ϕ)
ϕ˙, B =
F ′(ϕ)
F (ϕ)
δϕ˙
C =
F ′(ϕ)
F (ϕ)
ϕ˙, E =
F ′(ϕ)
F (ϕ)
δϕ,
and
D˙ =
F ′′′(ϕ)δϕ
F (ϕ)
ϕ˙2 +
F ′′(ϕ)
F (ϕ)
δϕ˙ϕ˙
+
F ′′(ϕ)δϕ
F (ϕ)
ϕ¨− F
′′(ϕ)F ′(ϕ)δϕϕ˙2
F 2(ϕ)
,
B˙ =
F ′′(ϕ)
F (ϕ)
δϕ˙ϕ˙+
F ′(ϕ)
F (ϕ)
δϕ¨− F
′2(ϕ)ϕ˙
F 2(ϕ)
δϕ˙.
We consider non-relativistic matter (ωm = 0) on scales
much smaller than the Hubble radius (k ≫ aH). In this
case, Eq. (63) takes the following form
δ¨m+
[
2H +
F ′(ϕ)
F (ϕ)
ϕ˙
]
δ˙m+
k2
a2
[
Φ+
F ′(ϕ)
F (ϕ)
δϕ
]
= 0, (64)
By considering F ′(ϕ) = αF (ϕ), ϕ˙ in terms of dimension-
less parameter from (16) and δϕ from perturbed Klein-
Gordon equation, we get
δ¨m +
(
2H +
√
6αHx1
)
δ˙m − 3
2
H2Ωm
(
1 + 2α2
)
δm = 0.
(65)
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Using the relation d/dN = (1/H)(d/dt) we obtain
d2δm
dN2
+
(
2+
1
H
dH
dN
+
√
6αx1
)
dδm
dN
−3
2
Ωm
(
1+2α2
)
δm = 0.
(66)
With this result, we study dynamics of generated pertur-
bations in this setup.
A. Perturbations in the matter domination era
By choosing transient regime corresponding to the crit-
ical points C± in table I, (that is α2 < 32 and −α2+λα <
3
2 ), we have
x1 = ±
√
2
3
α, Ωϕ =
2
3
α2, ωtotc =
2
3
α2 (67)
and using the relation Ωm = 1− Ωϕ, we get
1
H
dH
dN
= −3
2
(1 + ωtotc), (68)
Then equation (89) takes the following form
d2δm
dN2
+
(1
2
− 3α2
)dδm
dN
+
(
1 + 2α2
)(
− 3
2
+ α2
)
δm = 0
for x1 = −
√
2
3
α (69)
d2δm
dN2
+
(1
2
+ α2
)dδm
dN
+
(
1 + 2α2
)(
− 3
2
+ α2
)
δm = 0
for x1 = +
√
2
3
α (70)
Solving these two equations we reach at the general so-
lutions
δm = C+a
n+ + C−an− . (71)
For equation (69) we have
n+ = 1 + α
2, n− = −3
2
+ α2 (72)
For comparison, in the minimal case (see for instance
[26]), δm ∝ a in order to have formation of galaxy clus-
tering in matter domination era. It is easy to see that
just in n+ case, when α = 0, we reach δm ∝ a. For this
reason, we ignore the n− case. For n+ case, if we con-
sider interaction between dark energy and dark matter,
the growth rate is higher than the minimal case and this
rate depends on the value of α.
For equation (70) we have
n± = −1
2
α2 − 1
4
± 1
4
√
−28α4 + 36α2 + 25 (73)
By the same reason, here we consider just the n+ case
(with α = 0, just in n+ case δm ∝ a). However, if we con-
sider interaction between dark energy and dark matter,
the growth rate of matter perturbation depends on the
value of α. This is shown in figure 6. For small values of
α, it is slightly more than 1, but for other values of α, the
growth rate of matter perturbation is less than the value
for the minimal case. We note that in the matter domi-
nation era the values of α are extremely small, therefore
the growth rate of matter perturbation is slightly more
than the value for the minimal case.
B. Perturbations in the scaling solution era
Now we investigate the growth rate of matter perturba-
tions in the scaling solution era. From table I for critical
points F± that have scaling solutions, we have
x1 = ±1
2
√
6
α− λ,
Ωϕ =
α2 − αλ+ 3
(α − λ)2 , ωtotc =
−α
α− λ (74)
By replacing the above relations, Ωm = 1−Ωϕ and equa-
tion (68) in equation (89), we get
d2δm
dN2
+
(
1
2
+
9
2
(
α
α− λ)
)
dδm
dN
−3
2
(
λ2 − αλ− 3
(α− λ)2
)(
1 + 2α2
)
δm = 0
for x1 = +
1
2
√
6
α− λ (75)
d2δm
dN2
+
(
1
2
− 3
2
(
α
α− λ)
)
dδm
dN
−3
2
(
λ2 − αλ− 3
(α− λ)2
)(
1 + 2α2
)
δm = 0
for x1 = −1
2
√
6
α− λ (76)
Solving the equation (75), we obtain the analytical so-
lutions like equation (71) with the following n±
n± =
1
4
(−10α+ λ
α− λ
)
±
1
4
(√−48α3λ+ 48α2λ2 − 44α2 − 44αλ+ 25λ2 − 72
|α− λ|
)
(77)
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FIG. 6. The growth rate of matter perturbation versus α in the matter domination era.
solving the equation (76) we obtain the analytic solution
like equation (71) with following n±,
n± =
1
4
(2α+ λ
α− λ
)
±
1
4
(√−48α3λ+ 48α2λ2 − 140α2 − 20αλ+ 25λ2 − 72
|α− λ|
)
(78)
So, in this case the growth rate of matter perturbations
depends on two quantities α and λ. As we see from figure
7 for positive λ and negative α that we have derived in
the previous section, n+ > 0 and n− < 0. Therefore, we
consider just n+. For uncoupled dark energy and dark
matter n+ ≤ 1 (see [26]), but in our interacting model
n+ becomes larger than 1 in both cases.
VII. THE PHASE SPACE ANALYSIS
We consider the case with negative Q (where the en-
ergy flows from dark energy to dark matter) and investi-
gate the cosmological status of this model via a dynam-
ical system analysis. We also focus mainly on the role
of the non-minimal derivative coupling and the sign of
the interaction between the dark sectors. For this pur-
pose, we use the dimensionless quantities defined in (16)
to translate the dynamical equations to an autonomous
system. As before, this allows us to investigate evolu-
tion of just three variables since the forth one can be
expressed in terms of the other ones. In which follows
we consider x1 as our dependent variable and omit it in
our forthcoming calculations. We rewrite the Friedmann
equation (9) and the equation of motion (10) versus the
new phase space variables
H˙
H2
=
1
1− (13 −
4
9
x2
4
ǫ+ 1
3
x2
4
)x21x
2
4
[
− 3ǫx21 −
3
2
γx23 − x21x24 +
(−2ǫx1 +
√
6
3 λx
2
2 −
√
6
3 αx
2
3 − 23x1x24)x1x24
ǫ+ 13x
2
4
]
, (79)
ϕ¨
H2
=
−3√6ǫx1 + 3λx22 − 3αx23 −
√
6(23
H˙
H2
+ 1)x1x
2
4
ǫ+ 13x
2
4
,
(80)
Considering a new time variable as N = ln a(t), the equa-
tions (20) and (22) are valid but equation (21) changes
the sign as follows
x′3 = −
(
3
2
γ −
√
6
2
αx1 +
H˙
H2
)
x3, (81)
A. The phase space with a quintessence field
Solving equations (20), (22) and (81) with ǫ = +1
we reach at seven critical points (A,B,C,D,E, F,G) in
our system, but the critical point G is not a physically
acceptable point, so we just investigate the remaining
six points. The results are summarized in tables V and
VI. Now we discuss properties of each critical point sepa-
rately. In all calculations we consider the condition γ = 1
(a pressureless matter).
• Critical point A:
The critical point A represents an attractor point
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FIG. 7. The growth rate of matter perturbations versus α and λ in the present scaling solution era (Eq. (77)).
for α < −
√
6
2 and λ >
√
6. Otherwise it is saddle
point in the phase space and a scalar field’s kinetic
energy term dominates the universe. In this case
we have no late-time acceleration.
• Critical points B±:
Like as the fixed point A, the critical points B±
show saddle points in the phase space. These points
belong to matter domination era. These points rep-
resent that the matter domination era is a transient
phase with deceleration.
• Critical points C±:
The critical points C± show a solution with matter
density term domination and a scalar field’s kinetic
energy term domination. As we see this contribu-
tion depends on the value of α. But the behavior of
two critical points depends on the value of λ and α.
If we consider λ2 < 910 and λα − α2 > 32 these two
critical points are attractors, otherwise they will be
saddle points. However, in both cases we can not
reach accelerated phase of expansion.
• Critical points D±:
The critical points D± denote either a solution
with a potential energy term domination or a scalar
field’s kinetic energy term domination. As we see
this contribution depends on the value of λ. These
two critical points behave like attractor points in
the phase space if we consider λ2 < 6 and λ2−λα <
3. But if we consider λ2 − λα > 3 these two fixed
points will be saddle. However, in both cases sup-
posing λ2 < 2 leads to reach accelerating phase of
expansion.
• Critical points E±:
These critical points represent cosmological con-
stant domination. Unfortunately in this case the
eigenvalues are indefinite and one cannot under-
stand the behavior of the fixed points E±.
• Critical points F±∓:
The critical points F±∓ are scaling solutions with
accelerated expansion and naturally the coinci-
dence problem can be alleviate in this case. De-
pending on the values of the eigenvalues there are
two situations: If we choose λ and α parameters
from the shaded regions in the left panel of figure
8, the critical points will be attractor nodes. But,
considering λ and α parameters from the shaded
region in the right panel of figure 8, the critical
points will be stable spiral. It means that the
eigenvalues are complex numbers with negative real
parts. For α
λ+α >
1
3 there is an accelerated ex-
pansion phase. In fact, our analysis verifies that
Ωm
Ωϕ
< 1 and ωtotc < − 13 . The phase portrait for
this case is the same as the one illustrated in fig-
ure 1. It shows that all the trajectories converge
to the attractor points F±∓. By choosing correct
values of quantities λ and α, we obtain the cur-
rent value of dark matter density, Ωm, that is in
agreement with the recent data from Planck2015
[7], that is, Ωm = 0.3089 ± 0.0062 from TT, TE,
EE+lowP+lensing+ext data.
B. The phase space with a phantom field
Solving equations (20), (22) and (81) with ǫ = −1,
we reach at seven critical points (A,B,C,D,E, F,G) in
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TABLE V. Properties of the critical points for quintessence field.
(x2c, x3c, x4c) Existence Stability Ωϕ ωtotc a¨c > 0
A(0, 0, 0) ∀λ, α attractor point if α < −
√
6
2
and 1 1 No
λ >
√
6; otherwise saddle point
B±(0,±1, 0) ∀λ, α saddle point 0 0 No
attractor point if α2 < 9
10
C±(0,±
√
1− 2α2
3
, 0) ∀λ and α2 ≤ 3
2
and λα− α2 > 3
2
; 2
3
α2 2
3
α2 No
otherwise saddle point
attractor point if λ2 < 6
D±(±
√
1− λ2
6
, 0, 0) ∀α, λ2 ≤ 6 and λ2 − αλ < 3; 1 −1 + 1
3
λ2 Yes if
saddle point if λ2 < 6 λ2 < 2
and λ2 − αλ > 3
E±(±1, 0, x4) ∀λ, α undefined 1 -1 Yes
F±(±
√
α2+αλ+ 3
2
α+λ
, 0 ≤ α2 + αλ+ 3
2
≤ (α+ λ)2 attractor point (fig. 8, left panel) α2+αλ+3
(α+λ)2
− α
α+λ
Yes if
±
√
λ2+αλ−3
α+λ
, 0) 0 ≤ λ2 + αλ− 3 ≤ (α+ λ)2 attractor spiral (fig. 8, right panel) α
λ+α
> 1
3
G±(0,±
√
−2α2−6
α
, not exists - - - -
±√2α2 + 3)
TABLE VI. The eigenvalues (θi’s) of the critical points for quintessence field.
point(x2c, x3c, x4c) θ1, θ2, θ3
A(0, 0, 0) −3, 3
2
+
√
6
2
α, 3−
√
6
2
λ
B±(0,±1, 0) − 32 , 32 , undefined
C±(0,±
√
1− 2α2
3
, 0) −α2 − 3
2
, α2 − λα+ 3
2
, 5α2 − 9
2
D±(±
√
1− λ2
6
, 0, 0) 1
2
λ2 − 3, λ2−αλ−3
2
, − 1
2
λ2
E±(±1, 0, x4) undefined
F±(±
√
α2+αλ+ 3
2
α+λ
,±
√
λ2+αλ−3
α+λ
, 0) − 3λ
2(α+λ)
,
− 3
2
α− 3
4
λ± 1
4
√
−48α3λ−96α2λ2−48αλ3+180α2+108αλ−63λ2+216
α+λ
G±(0,±
√
−2α2−6
α
,±√2α2 + 3) -
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FIG. 8. Critical points F±∓ are stable nodes in the narrow shaded regions of the λ-α plane (left panel), while they are stable
spirals in the shaded regions of the right panel.
our system. These critical points and stability around
them are summarized in tables VII and VIII. Now we
investigate the properties of each critical point separately.
In all calculations like previous subsection we suppose the
condition γ = 1.
• Critical point A:
The fixed point A shows a saddle point in a scalar
field’s kinetic energy dominated universe and in this
case we have no late-time acceleration.
• Critical points B±:
Like the previous subsection, the critical points B±
show saddle points in the matter dominated phase
space and represent that the matter domination era
is a transient phase.
• Critical points E±:
These critical points represent cosmological con-
stant domination era. Once again in this case the
eigenvalues are indefinite and one can not under-
stand the behavior of the fixed points E±.
• Critical points F±∓:
The critical points F±∓ show either a solution with
matter density term plus a scalar field’s kinetic en-
ergy term domination or just a potential term dom-
ination. But according to their eigenvalues, these
points are saddle points and could not be attractor
solutions for late time acceleration.
• Critical points G±∓:
The critical points G±∓ show a solution with cos-
mological constant domination. These points also
are saddle points and could not be considered as an
attractor solution for late time acceleration.
VIII. PERTURBATIONS IN QUINTESSENCE
Now we study cosmological perturbations in this setup
with a quintessence field that is coupled non-minimally
with dark matter and also its derivatives are coupled to
the background curvature. In this case the energy trans-
fers from dark energy to dark matter. We investigate the
analytical solution of matter perturbations in this cou-
pled scenario and compare the results with matter per-
turbation solutions without interaction between the dark
sectors. Equations (52), (53), (54) and (55) are valid in
this situation too, but equations (56) and (57) now read
as follows
δ(F (ϕ)ρm )˙ + 3Hδ
(
F (ϕ)(ρm + pm)
)
=
F (ϕ)(ρm + pm)
(
− 3ψ˙ + ∇
2
a
νm
)
−δF ′(ϕ)ρmϕ˙− F ′(ϕ)δρmϕ˙− F ′(ϕ)ρmδϕ˙, (82)
ν˙m +
[
(1− 3ωm)H + F
′(ϕ)
F (ϕ)
ϕ˙
]
νm =
1
a
[
A+
ωm
1 + ωm
δm − F
′(ϕ)
F (ϕ)
δϕ
1 + ωm
]
. (83)
where a prime denotes derivative with respect to ϕ. We
investigate the evolution of perturbations on sub-Hubble
scales. We calculate δm ≡ δ(F (ϕ)ρm)/F (ϕ)ρm in order
to derive matter perturbations. In which follows we con-
sider ωm as a constant and using the Fourier-transformed
equations (58-60) and Bardeens potentials (49) and (50),
we find
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TABLE VII. Properties of the critical points for phantom field.
(x2c, x3c, x4c) Existence Stability Ωϕ ωtotc a¨c > 0
A(0, 0, 0) ∀λ, α saddle point 1 1 No
B±(0,±1, 0) ∀λ, α saddle point 0 0 No
C±(0,±
√
1 + 2α
2
3
, 0) not exists - - -
D±(±
√
1 + λ
2
6
, 0, 0) ∀λ, α saddle point 1 −1− 1
3
λ2 Yes
E±(±1, 0, x4) ∀λ, α undefined 1 -1 Yes
F±(±
√
α2+αλ− 3
2
α+λ
,±
√
λ2+αλ+3
α+λ
, 0) α2 + αλ− 3
2
≥ 0 saddle point α2+αλ−3
(α+λ)2
− α
α+λ
Yes if
0 ≤ λ2 + αλ+ 3 ≤ (α+ λ)2 α
λ+α
> 1
3
G±(0,±
√
−2α2+6
α
,±√2α2 − 3) 2 ≤ α2 ≤ 3 saddle point 3(α2−2)
α2
-1 Yes
TABLE VIII. The eigenvalues (θi’s) of the critical points for phantom field.
point(x2c, x3c, x4c) θ1, θ2, θ3
A(0, 0, 0) −3, 3
2
+
√−6
2
α, 3−
√−6
2
λ
B±(0,±1, 0) − 32 , 32 , undefined
C±(0,±
√
1 + 2α
2
3
, 0) -
D±(±
√
1 + λ
2
6
, 0, 0) 1
2
λ2, − 5
2
λ2 − 9, − 1
2
λ2 + 1
2
αλ− 3
2
E±(±1, 0, x4) undefined
F±(±
√
α2+αλ− 3
2
α+λ
,±
√
λ2+αλ+3
α+λ
, 0) − 3λ
2(α+λ)
,
− 3
2
α− 3
4
λ± 1
4
√
48α3λ+96α2λ2+48αλ3+180α2+108αλ−63λ2−216
α+λ
G±(0,±
√
−2α2+6
α
,±√2α2 − 3) − 3λ
2α
, ∓ 3
2
±8α4∓21α2+
√
120α6−531α4+702α2−243±9
8α4−21α2+9
δ˙m + 2
F ′(ϕ)
F (ϕ)
ϕ˙δm = (1 + ωm)(3Ψ˙− k
2
a
νm)
−δF
′(ϕ)
F (ϕ)
ϕ˙− F
′(ϕ)
F (ϕ)
δϕ˙, (84)
ν˙m +
[
H(1− 3ωm) + F
′(ϕ)
F (ϕ)
ϕ˙
]
νm =
1
a
[
Φ+
ωm
1 + ωm
δm − F
′(ϕ)
F (ϕ)
δϕ
1 + ωm
]
. (85)
Taking derivative from Eq. (84) and eliminating νm from
the two above equations, we find
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δ¨m +
[
(2− 3ωm)H + 3C
]
δ˙m +
[
k2
a2
ωm + 2C˙ +
2
[
(2− 3ωm)H + C
]
C
]
δm +
k2
a2
[
Φ− E
1 + ωm
]
(1 + ωm) =
3(1 + ωm)
[
Ψ¨ +
[
(2 − 3ωm)H + C
][
Ψ˙− D +B
3(1 + ωm)
]]
− D˙ − B˙. (86)
where
D =
δF ′(ϕ)
F (ϕ)
ϕ˙, B =
F ′(ϕ)
F (ϕ)
δϕ˙,
C =
F ′(ϕ)
F (ϕ)
ϕ˙, E =
F ′(ϕ)
F (ϕ)
δϕ,
D˙ =
F ′′′(ϕ)δϕ
F (ϕ)
ϕ˙2 +
F ′′(ϕ)
F (ϕ)
δϕ˙ϕ˙+
F ′′(ϕ)δϕ
F (ϕ)
ϕ¨
− F
′′(ϕ)F ′(ϕ)δϕϕ˙2
F 2(ϕ)
,
B˙ =
F ′′(ϕ)
F (ϕ)
δϕ˙ϕ˙+
F ′(ϕ)
F (ϕ)
δϕ¨− F
′2(ϕ)ϕ˙
F 2(ϕ)
δϕ˙,
C˙ =
F ′′(ϕ)
F (ϕ)
ϕ˙2 +
F ′(ϕ)
F (ϕ)
ϕ¨− F
′2(ϕ)ϕ˙
F 2(ϕ)
ϕ˙2.
We investigate non-relativistic matter (ωm = 0) on
scales which are much smaller than the Hubble radius
(k ≫ aH). In this case, Eq. (86) takes the following
form
δ¨m +
[
2H + 3
F ′(ϕ)
F (ϕ)
ϕ˙
]
δ˙m + 2
[
F ′′(ϕ)
F (ϕ)
ϕ˙2 +
F ′(ϕ)
F (ϕ)
ϕ¨
−F
′2(ϕ)ϕ˙
F 2(ϕ)
ϕ˙2 +
[
2H +
F ′(ϕ)
F (ϕ)
ϕ˙
]F ′(ϕ)
F (ϕ)
ϕ˙
]
δm
+
k2
a2
[
Φ− F
′(ϕ)
F (ϕ)
δϕ
]
= 0, (87)
Considering F ′(ϕ) = αF (ϕ), ϕ˙ in terms of the dimension-
less parameter from (16) and δϕ from perturbed Klein-
Gordon equation, we get
δ¨m +
(
2H + 3
√
6αHx1
)
δ˙m − 3
2
H2Ωm
(
1 + 2α2
+2αϕ¨+ 4
√
6αH2x1 + 12α
2H2x21
)
δm = 0. (88)
Using the relation d/dN = (1/H)(d/dt) we obtain
d2δm
dN2
+
[
2 +
1
H
dH
dN
+ 3
√
6αx1
]
dδm
dN
+
[
− 3
2
Ωm
(
1 + 2α2
)
+ 2α
ϕ¨
H2
+ 4
√
6αx1 + 12α
2x21
]
δm = 0. (89)
A. Perturbations in the matter domination era
In our model by choosing transient regime according
to the critical points C in table V, (that is α2 < 32 and
−α2 + λα < 32 ), one has
x1 = ±
√
2
3
α, , x3 = ±
√
1− 2
3
α2, Ωϕ =
2
3
α2
ωtotc =
2
3
α2,
ϕ¨
H2
= −3αx23 − 3
√
6x1 (90)
and using the relation
1
H
dH
dN
= −3
2
(1 + ωtot), (91)
and Ωm = 1− Ωϕ, the equation (89) takes the following
forms
d2δm
dN2
+
(1
2
− 7α2
)dδm
dN
+
(
14α4 − 4α2 − 3
2
)
δm = 0
for x1 = −
√
2
3
α (92)
d2δm
dN2
+
(1
2
+ 5α2
)dδm
dN
+
(
− 3
2
+ 6α4
)
δm = 0
for x1 = +
√
2
3
α (93)
Solving the above equation(s) we reach the general solu-
tion of the form
δm = C1a
n+ + C2a
n− . (94)
For equation (92) we have
n± =
7
2
α2 − 1
4
± 1
4
√
−28α4 + 36α2 + 25 (95)
We just consider the n+ case. It is easy to see that in
the minimal case, when α = 0 then δm ∝ a in matter
domination era similar to the case mentioned in Ref. [26].
But, if we consider interaction between dark energy and
dark matter, the growth rate is higher than the minimal
case. This is shown in the left panel of figure 9.
For equation (93) we have
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n± = −5
2
α2 − 1
4
± 1
4
√
−124α4 + 212α2 + 25 (96)
Once again we just consider the n+ case. With the same
reason, when α = 0 then n+ = 1 and δm ∝ a. But,
if we consider interaction between dark energy and dark
matter, the growth rate is lower than the minimal case
and this depends on the values of α. This is shown in the
right panel of figure 10. For small values of α it is slightly
more than 1, but for other values of α, the growth rate
of matter perturbation is less than the minimal case. We
note that in the matter domination era the values of α
are extremely small. Therefore, the growth rate of matter
perturbation is slightly more than the minimal case.
B. Perturbations in the scaling solution
domination era
Now we investigate the growth rate of matter pertur-
bations in the scaling solution era. From table V, for the
critical points F±∓ that have scaling solutions, we have
x1 = ±1
2
√
6
α+ λ
,
Ωϕ =
α2 + αλ+ 3
(α+ λ)2
, ωtotc =
−α
α+ λ
(97)
By replacing the above relations, using Ωm = 1 − Ωϕ
and equation (91) in equation (89), we get
d2δm
dN2
+
[
1
2
+
21
2
(
α
α+ λ
)
]
dδm
dN
+
[
− 3
2
(
αλ− λ2 − 3
(α+ λ)2
)
(
1 + 2α2
)
+
3α(λ+ 10α)
(α + λ)2
]
δm = 0.
For x1 =
1
2
√
6
α− λ (98)
d2δm
dN2
+
[
1
2
− 15
2
(
α
α+ λ
)
]
dδm
dN
+
[
− 3
2
(
αλ+ λ2 − 3
(α+ λ)2
)
(
1 + 2α2
)
+
3α(5λ+ 14α)
(α+ λ)2
]
δm = 0.
For x1 = −1
2
√
6
α− λ (99)
Solving the equation (98), we obtain the analytic solu-
tion like equation (94) with the following n±
n± =
1
4
(
−22α− λ
α+ λ
±
√
48α3λ+ 48α2λ2 − 140α2 + 20αλ+ 25λ2 − 72
α+ λ
)
(100)
Also by solving the equation (99) we obtain the analytic
solution like equation (94) with the following n±
n± =
1
4
(
14α− λ
α+ λ
±
√
48α3λ+ 48α2λ2 − 620α2 − 244αλ+ 25λ2 − 72
α+ λ
)
(101)
The above equations show that the growth rate of matter
perturbations depends on the two quantities α and λ.
As figure 10 shows, for positive λ and α (that we have
derived in the previous section), we have two possible
cases: n+ > 0 and n− < 0. So, we consider just the n+
case. For uncoupled dark energy and dark matter, n+ ≤
1 (see [26]), but in our interacting model n+ can become
even larger than 1 in both cases. This shows that in the
interacting scenario the growth rate of perturbations is
larger than the minimal non-interacting case.
IX. CONCLUSION
In this paper we have studied cosmological dynamics of
an extended gravitational theory that gravity is coupled
non-minimally with derivatives of a dark energy compo-
nent and there is also an explicit and phenomenologi-
cal interaction between the dark energy and dark mat-
ter. This is a simple interacting dark energy model that
has the potential to alleviate the coincidence problem.
In the first step we considered the direction of energy
flow from dark matter to dark energy. In this case for
a quintessence field we have shown that there are crit-
ical points F±∓ that are attractor scaling solutions in
phase space of the model. With this scaling solution
the issue of cosmological coincidence can be alleviated.
This happens by choosing λ and α parameters from the
shaded region in the left panel of figure 1. We obtained
also the current value of the dark matter density param-
eter, Ωm, that is in agreement with the recent data from
Planck2015 [7], that is, Ωm = 0.3089± 0.0062 from TT,
TE, EE+lowP+lensing+ext data. Furthermore, these
points represent that for positive λ we have to consider
negative α and coupling term behaves like a potential
function. For a phantom field, the critical points F±∓
show that if we choose α and λ from the shaded region in
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FIG. 9. The growth rate of matter perturbations versus α in the matter domination era. The left panel is drawn for x1 = −
√
2
3
α
and the right panel for x1 = +
√
2
3
α.
FIG. 10. The growth rate of matter perturbations versus α and λ in the late-time scaling solution domination era.
the left panel of figure 2, the critical points will be attrac-
tor nodes. We were able to obtain the current value of the
dark matter density, Ωm, that is in agreement with the
recent data from Planck2015 [7] by choosing α = −3.5
and λ = 0.5. Furthermore, the equation of state pa-
rameter of the dark energy gets a value which is close
to the equation of state parameter of the dark energy
from TT, TE, EE+lowP+lensing+ext data in Ref. [7] as
ω = −1.019+0.075−0.080.
The most important issue about points F±∓ is that the
existence of the non-minimal derivative coupling provides
the possibility of having attractor solution (or scaling so-
lution) for the present universe in contrast with the pre-
vious works (such as [26]) that show jut the existence of
future attractors. The existence of these scaling solutions
sheds light on the issue of coincidence problem at this
epoch. We note that in our case, the coincidence prob-
lem reduces to a simple choice of parameters in order to
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match dark energy/dark matter to recent observations.
Since the accelerated scaling solution is an attractor in
our case, no fine-tuning of initial conditions is needed.
Nevertheless, the dynamics that produces such a scaling
in the dark sectors possibly has other undesirable conse-
quences (see [71]). If we consider non-minimal derivative
coupling without interaction between dark sectors, there
is no attractor points [77]. The critical points G±∓, for
a narrow range of α, show a solution with matter den-
sity and a scalar field’s kinetic energy term domination.
These points also, are critical points that carry some in-
formation about the role of the non-minimal derivative
coupling in this setup. These solutions are attractor if
we choose α and λ from the shaded region in the right
panel of figure 2. As we see from the right panel of fig-
ure 2, α and λ parameters have the same signs in con-
trast with the critical points F±∓. To find a value of
the dark matter density parameter, Ωm, that is in agree-
ment with the recent data from Planck 2015 [7] with
Ωm = 0.3089 ± 0.0062, we have to consider α = 1.61
with any positive λ. Furthermore, the equation of state
parameter of the dark energy reaches to −1.85, which is
close to the best fit ω = −1.94 for Planck+WMAP and
to the best fit ω = −1.94 for Planck+WMAP+high L [6],
ω = −1.54+0.62−0.50 for TT and ω = −1.55+0.58−0.48 for TE+EE
in [7]. Our analysis has shown that in the absence of the
non-minimal derivative coupling, there is no such a good
agreement with data in our setup. In fact, existence of
a non-minimal coupling between the derivatives of the
dark energy component with curvature provides a better
fit with observations in this setup. To proceed further,
we have analyzed the classical stability of the solutions
in the ω′ϕ − ωϕ phase-plane of the scalar fields with non-
minimal derivative coupling for both quintessence and
phantom field in two directions of energy flow between
the dark sectors. The stability of solutions in ω′ϕ − ωϕ
phase plane is independent on the direction of energy
flow. The sound speed of the scalar field in order to
get ride off the future big-rip singularity should be pos-
itive, that is, c2a > 0. With this fact, the right panel of
figure 3 shows the regions of stability of classical solu-
tions in ω′ϕ − ωϕ phase-plane. The region I belongs to
a quintessence phase, while region III is for a phantom
phase. These are the regions that the classical solutions
are stable. Then we have studied the statefinder diag-
nostic in this non-minimal interacting model. By using
statefinder diagnostic tool with {q, r} and {q, s} phase
diagrams to distinguish between alternative dark energy
models, we were able to see possible realization of the
concordance ΛCDM phase in our setup. First we have
considered a quintessence field where the right panel of
figure 4 illustrates the trajectories of {q, r} and {q, s}
phase plane and ωϕ for the critical points F±∓ with two
different values of λ and α parameters in this case. The
figures indicate that with different values of λ and α pa-
rameters, the trajectories can evolve differently. Just by
considering larger values of parameter α, the trajectories
of parameters will approach the ΛCDM model. So, the
ΛCDM is not in the cosmic history of quintessence field
with non-minimal derivative coupling, at least for small
values of the parameter α. For phantom field the right
panel of figure 5 illustrates the trajectories of {q, r} and
{q, s} phase plane and ωϕ for critical points F±∓ with
two different values of the λ and α parameters. Once
again, these figures indicate that with different values
of λ and α parameters, the trajectories can evolve dif-
ferently. Considering smaller values of α, the trajectories
of parameters will approach the ΛCDM model and there-
fore ΛCDM belongs to the cosmic history with a phantom
field with non-minimal derivative coupling.
As an important issue in cosmological dynamics we
have studied the cosmological perturbations in this non-
minimal interacting model with details and analytical so-
lutions. In the first step we have studied the cosmolog-
ical perturbations in our setup with a quintessence field
that is coupled non-minimally with dark matter and also
its derivatives are coupled to the background curvature.
We investigated the analytical solution of matter per-
turbations in this coupled scenario and compared the
results with matter perturbation solutions without in-
teraction between the dark sectors in two cases, that is,
matter domination and scaling solution era. We consid-
ered Bardeen’s or gauge invariant potentials and non-
relativistic matter (ωm = 0) on scales much smaller than
the Hubble radius (k ≫ aH). In the matter domination
era by considering interaction between dark energy and
dark matter, for small values of α (note that in the mat-
ter domination era the values of α are extremely small),
the growth rate of matter perturbation is slightly more
than the value for the minimal case (see for instance Ref.
[26] where δm ∝ a). This feature is shown in the right
panel of figure 6. For growth rate of matter perturbations
in the scaling solution era, (as is shown in table I, for the
critical points F± there are scaling solutions), the growth
rate of matter perturbations depends on two quantities
α and λ. As we have shown in the right panel of figure
7, for positive λ and negative α, n+ > 0 and n− < 0.
By considering just n+ case, for uncoupled dark energy
and dark matter n+ ≤ 1 (see for instance [26]), but in
our interacting model n+ becomes larger than 1 in both
cases. This shows that in the interacting scenario the
growth rate of perturbations is larger than the minimal
non-interacting case.
We have extended our analysis for the case that the
direction of the energy flow gets reversed. That is, the
energy flows from dark energy to dark matter. The to-
tality of the analysis is the same, but there is a signifi-
cant difference that in contrast to the previous case, now
both λ and α parameters have the same positive signs
for quintessence field. That is to say, potential and the
field do not grow in the same manner. For the phantom
field in this case, in contrast to the previous case, there
is no scaling solution. For perturbations, the growth rate
has no considerable difference from the case with oppo-
site direction of the energy flow. Finally, we note that
near coincidence of dark sectors energy densities in our
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case does no longer depend on the initial conditions. It
depends only on the interaction between the dark sectors
and coupling constants. Nevertheless, while the phase-
space trajectory the universe follows from some point
onward is unique and independent of the initial condi-
tions, the current position of universe on this trajectory
depends on them as usually happens in all cosmologi-
cal models. In summary, an explicit interaction between
the dark sectors in the presence of non-minimal deriva-
tive coupling between dark energy and curvature realizes
scaling attractor solutions at late-time which can allevi-
ate the coincidence problem.
Appendix A: The explicit form of the eignevalues of
point G±
g1 =
3
2
16α5 − 8α4λ− 72α3 + 21α2λ+ 72α− 9λ
α(8α4 − 21α2 + 9) ,
(A1)
g2 =
3(
8α6 − 37α4 + 51α2 − 18
)(
8α4 − 21α2 + 9
)(− 140α8 + 948α6 − 2322α4 + 2376α2 − 810 +
(
1024α20 − 30336α18 + 335616α16 − 1982094α14 + 7121691α12− 16426287α10 + 24623838α8
−23495670α613434741α4− 4056885α2 + 485514
)1
2
)
, (A2)
g3 =
3(
8α6 − 37α4 + 51α2 − 18
)(
8α4 − 21α2 + 9
)(140α8 + 948α6 − 2322α4 + 2376α2 − 810 +
−
(
1024α20 − 30336α18 + 335616α16 − 1982094α14 + 7121691α12 − 16426287α10+ 24623838α8
−23495670α613434741α4 − 4056885α2+ 485514
)1
2
)
, (A3)
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